In this paper we study the short time existence problem for the (generalized) Lagrangian mean curvature flow in (almost) Calabi-Yau manifolds when the initial Lagrangian submanifold has isolated conical singularities modelled on stable special Lagrangian cones. Given a Lagrangian submanifold F0 : L → M in an almost Calabi-Yau manifold M with isolated conical singularities at x1, . . . , xn ∈ M modelled on stable special Lagrangian cones C1, . . . , Cn in C m , we show that for a short time there exist one-parameter families of points x1(t), . . . xn(t) ∈ M and a one parameter family of Lagrangian submanifolds F (t, ·) : L → M with isolated conical singularities at x1(t), . . . , xn(t) ∈ M modelled on C1, . . . , Cn, which evolves by (generalized) Lagrangian mean curvature flow with initial condition F0 : L → M .
Introduction

Lagrangian mean curvature flow
In a Calabi-Yau manifold M with holomorphic volume form Ω there is a distinguished class of submanifolds called special Lagrangian submanifolds. These are oriented Lagrangian submanifolds that are calibrated with respect to Re Ω. There has been growing interest in special Lagrangian submanifolds in the past decade since these are the key ingredient in the Strominger-Yau-Zaslow conjecture [22] which states mirror symmetry in terms of special Lagrangian torus fibrations.
Proving the existence of special Lagrangian submanifolds in a Calabi-Yau manifold is a hard problem. For instance Wolfson proved in [25] the existence of a K3-surface which has no special Lagrangian submanifolds. This shows how subtle the issue is. However, since special Lagrangian submanifolds are calibrated submanifolds, they are volume minimizers in their homology class. One possible approach to the study of the existence of special Lagrangian submanifolds is therefore through mean curvature flow, which is the negative gradient flow of the volume functional. The key observation here is due to Smoczyk [19] who proves that a compact Lagrangian submanifold in a Calabi-Yau manifold (or even in a Kähler-Einstein manifold) remains Lagrangian under the mean curvature flow. The naïve idea is therefore to start with a Lagrangian submanifold in a Calabi-Yau manifold and to deform it under Lagrangian mean curvature flow to a special Lagrangian submanifold. The longtime convergence of the Lagrangian mean curvature flow to a special Lagrangian submanifold has so far only been verified in several special cases, see for instance Smoczyk and Wang [21] and Wang [24] . Also in [23] Thomas and Yau conjecture that for a given Lagrangian submanifold in a Calabi-Yau manifold, which satisfies a certain stability condition, the Lagrangian mean curvature flow exists for all time and converges to a special Lagrangian submanifold. In general however one expects that a Lagrangian submanifold will form a finite time singularity under the mean curvature flow. In fact, recently Neves [15] constructed examples of Lagrangian surfaces in two dimensional Calabi-Yau manifolds which develop a finite time singularity under the mean curvature flow. The appearance of finite time singularities in the Lagrangian mean curvature flow therefore seems to be unavoidable in general.
When a finite time singularity occurs there are two possibilities, depending on the kind of singularity, how the flow can be continued. The first possibility is as in Perelman's work [18] on the Ricci flow of three manifolds, where a surgery is performed before the singularity occurs and the flow is then continued. The other possibility to continue the Lagrangian mean curvature flow when a finite time singularity occurs is to evolve the singular Lagrangian submanifold by mean curvature flow in a specific class of singular Lagrangian submanifolds.
Results and overview of this paper
In this paper we study the short time existence problem for the generalized Lagrangian mean curvature flow in almost Calabi-Yau manifolds when the initial Lagrangian submanifold has isolated conical singularities modelled on stable special Lagrangian cones. We show that for a given Lagrangian submanifold F 0 : L → M with isolated conical singularities modelled on stable special Lagrangian cones one can find for a short time a solution F (t, ·) : L → M , 0 ≤ t < T , to the generalized Lagrangian mean curvature flow with initial condition F 0 : L → M , by letting the conical singularities move around in M . The Lagrangian mean curvature flow of F 0 : L → M (here on the left) looks therefore after a short time like the surface on the right. We give a short overview of this paper. In Section 2 we first introduce some necessary background material from symplectic geometry and Riemannian submanifold geometry. Further we define the notion of the generalized Lagrangian mean curvature flow in almost Calabi-Yau manifolds and present a new approach to the short time existence problem of the generalized Lagrangian mean curvature flow when the initial Lagrangian submanifold is a compact Lagrangian submanifold. We feel that it is helpful first to understand our alternative approach to the short time existence problem when the initial submanifold is compact in order to understand the much more complicated approach to the short time existence problem when the initial Lagrangian submanifold has isolated conical singularities. In Section 3 we review some important results about linear parabolic equations on Riemannian manifolds with conical singularities, which build the core for the later short time existence proof. In Section 4 we then introduce special Lagrangian cones and Lagrangian submanifolds with isolated conical singularities in almost Calabi-Yau manifolds. Further we discuss several Lagrangian neighbourhood theorems that will assist us in setting up the later short time existence problem. Finally in Section 5 we discuss the short time existence proof of the Lagrangian mean curvature flow when the initial Lagrangian submanifold has isolated conical singularities modelled on stable special Lagrangian cones. First, generalizing the ideas from Section 2, we discuss how to set up the short time existence problem using a Lagrangian neighbourhood theorem for Lagrangian submanifolds with isolated conical singularities. Then, using the analytical results from Section 3, we discuss in an informal way how the short time existence of the flow is proven. We avoid the long and rather complicated analytical details of the short time existence proof and merely concentrate on the ideas of the proof. The interested reader may consult the author's DPhil thesis [2] to learn about the details of the proof, although this is not recommended. We hope that this paper will serve as a readable version of the results obtained in [2] .
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Generalized Lagrangian mean curvature flow of compact Lagrangian submanifolds
Before we begin with our review of some basic notions from Riemannian submanifold geometry and symplectic geometry we have to make a remark about the regularity of the manifolds and maps, i.e. functions, differential forms, vector fields, and embeddings, that we consider in this paper. All the manifolds that we consider in this paper are assumed to be smooth and connected. Moreover we make use of the convention that all the maps we are considering are smooth, unless differently specified. For example, when we say that u is a function on the manifold M or β is a one-form on M , then we mean that u is a smooth function on M and β is a smooth one-form on M . Otherwise we may say that u is a C k -function on M , meaning that u is k-times continuously differentiable. Throughout this section we will restrict ourselves to smooth maps. The definitions and results that we present in this section, however, have straightforward generalizations when the maps have less regularity (assuming that the maps are C 2 is usually sufficient). We wanted to mention this rather obvious fact, since the regularity of the maps is of particular importance in the study of the short time existence problem in §5.
Some notions from Riemannian submanifold geometry
We now recall some basic definitions from Riemannian submanifold geometry.
Let (M, g) be an m-dimensional Riemannian manifold and N a manifold of dimension n with n ≤ m. An embedding of N into M is an injective map F : N → M , such that the differential dF (x) : T x N → T F (x) M is injective for every x ∈ N . The image F (N ) of an embedding F : N → M is then an n-dimensional submanifold of M . In this paper we will refer to an embedding F : N → M as an n-dimensional submanifold of M .
A submanifold F : N → M defines an orthogonal decomposition of the vector bundle F * (T M ) into dF (T N ) ⊕ νN . The vector bundle νN over N is the normal bundle of F : N → M . Denote by π νN the orthogonal projection F * (T M ) → νN onto the normal bundle of F : N → M . The second fundamental form of a submanifold F : N → M is a section of the vector bundle ⊙ 2 T * N ⊗ νN defined by II(X, Y ) = π νN (∇ dF (X) dF (Y )) for X, Y ∈ T N . Here ∇ is the Levi-Civita connection of g. The mean curvature vector field of F : N → M is a section of νN defined by H = tr II, where the trace is taken with respect to the Riemannian metric F * (g) on N . Finally, a submanifold F : N → M is a minimal submanifold if the mean curvature vector field is zero. It can be shown that a compact submanifold F : N → M is minimal if and only if it is a critical point of the volume functional.
Symplectic manifolds and Lagrangian submanifolds
Definition 2.1. A 2m-dimensional symplectic manifold is a pair (M, ω), where M is a 2m-dimensional manifold and ω is a closed and non-degenerate two-form on M .
The most elementary example of a symplectic manifold is (C m , ω ′ ), where ω ′ = m j=1 dx j ∧ dy j , and (x 1 , . . . , y m ) are the usual real coordinates on C m . Denote by B R the open ball of radius R > 0 about the origin in C m . Then (B R , ω ′ ) is a symplectic manifold, and in fact every 2m-dimensional symplectic manifold is locally isomorphic to (B R , ω ′ ) for some small R > 0. This is the statement of Darboux' Theorem [13, Thm 3.15] . Theorem 2.2. Let (M, ω) be a 2m-dimensional symplectic manifold, x ∈ M , and let A : C m → T x M be an isomorphism with A * (ω) = ω ′ . Then there exists R > 0 and an embedding Υ :
Another important example of a symplectic manifold is the cotangent bundle of a manifold. If M is an m-dimensional manifold, then the cotangent bundle T * M of M is a 2m-dimensional manifold that has a canonical symplectic structureω defined as follows. Denote by π : T * M → M the canonical projection and letλ be the one-form on T * M defined byλ(β) = (dπ) * (β) for β ∈ T * M . Setω = −dλ, then one can show thatω is a symplectic structure on T * M .
Of particular importance for our later study of the generalized Lagrangian mean curvature flow is the notion of a Lagrangian neighbourhood, which we now introduce.
When F : L → M is a compact Lagrangian submanifold, then the existence of a Lagrangian neighbourhood for F : L → M is guaranteed by the Lagrangian Neighbourhood Theorem.
A proof of the Lagrangian Neighbourhood Theorem for compact Lagrangian submanifolds can be found in McDuff and Salamon [13, Thm. 3 .32].
Almost Calabi-Yau manifolds
We define almost Calabi-Yau manifolds following Joyce [8, Def. 8.4.3] . Definition 2.6. An m-dimensional almost Calabi-Yau manifold is a quadruple (M, J, ω, Ω), where (M, J) is an m-dimensional complex manifold, ω is the Kähler form of a Kähler metric g on M , and Ω is a holomorphic volume form on M .
Let (M, J, ω, Ω) be an m-dimensional almost Calabi-Yau manifold. The Ricci-form is the complex (1, 1)-form given by ρ(X, Y ) = Ric(JX, Y ) for X, Y ∈ T M , where Ric is the Ricci-tensor of g. We define a function ψ on M by
Then |Ω| = 2 m/2 e mψ , so that Ω is parallel if and only if ψ is constant. One can show that the Ricci-form of an almost Calabi-Yau manifold satisfies ρ = dd c log |Ω|. Thus ρ = mdd c ψ and it follows that g is Ricci-flat if and only if ψ is constant. If
The most important example of an (almost) Calabi-Yau manifold is C m with its standard structure. Denote by (x 1 , . . . , x m , y 1 , . . . , y m ) the usual real coordinates on C m . We define a complex structure J ′ , a non-degenerate two form ω ′ , and a holomorphic volume form Ω ′ on C m by
is an (almost) Calabi-Yau manifold and the corresponding Riemannian metric is the Euclidean metric g ′ = dx 2 1 + · · · + dy 2 m . We now discuss Lagrangian submanifolds in almost Calabi-Yau manifolds. Thus let (M, J, ω, Ω) be an m-dimensional almost Calabi-Yau manifold and F : L → M a Lagrangian submanifold. We define a section α of the vector bundle Hom(νL, T * L) by
Since F : L → M is Lagrangian, α is an isomorphism in each fibre over L.
, as first observed by Dazord [6] . Assume for the moment that (M, J, ω, Ω) is Calabi-Yau. Then ρ ≡ 0, as g is Ricci-flat. In particular α H is closed and it follows from Cartan's formula that F * (L H ω) = 0. Thus, if (M, J, ω, Ω) is Calabi-Yau, then the deformation of a Lagrangian submanifold in direction of the mean curvature vector field is an infinitesimal symplectic motion. Now if (M, J, ω, Ω) is an almost Calabi-Yau manifold, then the Ricciform is given by ρ = mdd c ψ. In particular
is nonzero in general. We therefore need a generalization of the mean curvature vector field with the property that the deformation of a Lagrangian submanifold in its direction is an infinitesimal symplectic motion. This leads to the definition of the generalized mean curvature vector field, which was introduced by the author in [4, §3] and later generalized by Smoczyk and Wang in [20] .
Definition 2.7. The generalized mean curvature vector field of F : L → M is the normal vector field K = H − mπ νL (∇ψ), where H denotes the mean curvature vector field of F :
Lagrangian submanifold in an almost Calabi-Yau manifold, then the deformation of F : L → M in the direction of the generalized mean curvature vector field is an infinitesimal symplectic motion.
Next we define the Lagrangian angle of a Lagrangian submanifold. Thus let
Since F : L → M is a Lagrangian submanifold, θ(F ) is in fact well defined, see for instance Harvey and
] is a well defined closed one-form on L, so it represents a cohomology class µ F ∈ H 1 (L, R) in the first de Rham cohomology group of L. Thus if µ F = 0, then θ(F ) : L → R/πZ can be lifted to a smooth function θ(F ) : L → R and vice versa. The cohomology class µ F is called the Maslov class of F : L → M .
The following proposition gives an important relation between the generalized mean curvature form of a Lagrangian submanifold F : L → M and the Lagrangian angle. 
A proof of Proposition 2.8 can be found in the author's paper [4, Prop. 4] .
Notice that as a consequence of Proposition 2.8, if F : L → M is a Lagrangian submanifold with zero Maslov class, then α K is an exact one-form and the deformation of F : L → M in direction of the generalized mean curvature vector field is an infinitesimal Hamiltonian motion.
Next we define a special class of Lagrangian submanifolds in almost CalabiYau manifolds called special Lagrangian submanifolds. Definition 2.9. Let F : L → M be a Lagrangian submanifold in an almost Calabi-Yau manifold (M, J, ω, Ω). Then F : L → M is a special Lagrangian submanifold with phase e iθ , θ ∈ R, if and only if
If F : L → M is a special Lagrangian submanifold with phase e iθ , then there is a unique orientation on L in which F * (cos θ Re Ω + sin θ Im Ω) is positive.
Note that a special Lagrangian submanifold F : L → M has zero Maslov-class, since θ(F ) is constant on L and d[θ(F )] represents µ F by Proposition 2.8. In particular it follows from Proposition 2.8 that special Lagrangian submanifolds are minimal. Definition 2.9 is not the usual definition of special Lagrangian submanifolds in terms of calibrations, as defined by Harvey and Lawson in [7] . Our definition is, however, equivalent to the definition of special Lagrangian submanifolds as a special class of calibrated submanifolds. Let us show how Definition 2.9 fits into the usual frame of special Lagrangian submanifolds as calibrated submanifolds. If we defineg to be the conformally rescaled Riemannian metric on M given byg = e 2ψ g, then one can show that Re Ω is a calibration on the Riemannian manifold (M,g). We then have the following alternative characterization of special Lagrangian submanifolds. 
Lagrangian submanifolds in the cotangent bundle
Let (M, ω) be a 2m-dimensional symplectic manifold and L an m-dimensional manifold. Let T * L be the cotangent bundle of L and β a one-form on L. The graph of β is the submanifold
Now let F : L → M be a Lagrangian submanifold and assume that we are given a Lagrangian neighbourhood Φ L :
When we study the generalized Lagrangian mean curvature flow as a flow of functions, we will study deformations of Lagrangian submanifolds of the form Φ L • (β + sη) : L → M , for small s ∈ R and β, η closed one-forms on L with Γ β ⊂ U L . The next lemma gives a formula for the variation vector field of
where α is defined in (2) and
is the tangential part of the variation vector field.
Generalized Lagrangian mean curvature flow
which is continuous up to t = 0, is evolving by generalized Lagrangian mean curvature flow with initial condition
Here K(t, ·) is the generalized mean curvature vector field of
Then we say that {F (t, ·)} t∈(0,T ) evolves by Lagrangian mean curvature flow.
We will establish the short time existence of solutions to the generalized Lagrangian mean curvature flow (3) when the initial Lagrangian submanifold F 0 : L → M is compact in Theorem 2.14 below. We first give a short general discussion of the generalized Lagrangian mean curvature flow. The system of partial differential equations in (3) is, after reparametrizing by a family of diffeomorphisms on L, a quasilinear parabolic system. Hence, if L is compact, then it follows from the standard theory for parabolic equations on compact manifolds, see for instance Aubin [1, §4.2] , that for every submanifold F 0 : L → M there exists a one-parameter family {F (t, ·)} t∈(0,T ) of submanifolds F (t, ·) : L → M , which is continuous up to t = 0 and satisfies (3) . Less obvious, however, is the fact that if F 0 : L → M is a Lagrangian submanifold, then F (t, ·) : L → M is a Lagrangian submanifold for every t ∈ (0, T ). The original proof of the fact that F (t, ·) : L → M is a Lagrangian submanifold for t ∈ (0, T ) uses long computations in local coordinates and the parabolic maximum principle. In §2.6 we show how the generalized Lagrangian mean curvature flow can be integrated to a flow of functions on L rather than of embeddings of L into M . Using this interpretation of the generalized Lagrangian mean curvature flow we present in §2.6 a new short time existence proof for the generalized Lagrangian mean curvature flow when
The idea of the Lagrangian mean curvature flow goes already back to Oh [16] in the early nineties. The existence of the Lagrangian mean curvature flow, however, was first proved by Smoczyk [19, Thm. 1.9] for the case when M is a Kähler-Einstein manifold. Recently there has been interest in generalizing the idea of the Lagrangian mean curvature flow. This led to the notion of generalized Lagrangian mean curvature flows first introduced by the author in [4] , when M is a Kähler manifold that is almost Einstein, and later by Smoczyk and Wang [20] , when M is an almost Kähler manifold that admits an Einstein connection.
The next proposition discusses another definition of the generalized Lagrangian mean curvature flow, which at least in the case when F : L → M is a compact Lagrangian submanifold, is equivalent to the previous one. 
then {F (t, ·)} t∈(0,T ) is continuous up to t = 0 and satisfies
Often (4) is used for the definition of the generalized Lagrangian mean curvature flow. Proposition 2.13 shows that (3) and (4) are equivalent up to a family of tangential diffeomorphisms, provided L is compact. It is important to note, however, that in general (3) and (4) are not equivalent. For instance in the generalized Lagrangian mean curvature flow with isolated conical singularities, which we study in §5, we will find a solution to (3) . The solution will then consist of Lagrangian submanifolds with isolated conical singularities and the singularities move around in the ambient space. In this case it is in general not possible to reparametrize a solution of (3) by diffeomorphisms on L in order to get a solution of (4) . Note that if we are given solutions {F (t, ·)} (0,T ) to the generalized Lagrangian mean curvature flow (3) and {F (t, ·)} t∈(0,T ) to (4), then
Short time existence of the flow
The short time existence of the generalized Lagrangian mean curvature flow when the initial Lagrangian submanifold is compact is established in the following theorem.
Theorem 2.14. Let F 0 : L → M be a compact Lagrangian submanifold in an almost Calabi-Yau manifold M . Then there exists T > 0 and a one-parameter family {F (t, ·)} t∈(0,T ) of Lagrangian submanifolds F (t, ·) : L → M , which is continuous up to t = 0 and evolves by generalized Lagrangian mean curvature flow with initial condition F 0 : L → M .
As mentioned before we now present a new proof of Theorem 2.14. The idea of the proof is based on two observations. Firstly, when F 0 : L → M is a compact Lagrangian submanifold, then by Theorem 2.5 there exists a Lagrangian neighbourhood Φ L :
Assume for the moment that F 0 : L → M has zero Maslov class, then α K is exact and the Lagrangian mean curvature flow (if it exists) is a Hamiltonian deformation. Therefore we expect that the Lagrangian mean curvature flow of F 0 : L → M (if it exists) should be equivalent to the existence of a solution to an evolution equation of the form
Let us now carry out these ideas in more detail. To this end let 
We now define a nonlinear differential operator P as follows. Define a oneparameter family {β(t)} t∈(0,T ) of closed one-forms on L by β(t) = tβ 0 for t ∈ (0, T ). Then {β(t)} t∈(0,T ) extends continuously to t = 0 with β(0) = 0. Choose T > 0 small enough so that Γ β(t) ⊂ U L for t ∈ (0, T ), and define the domain of P by
Then the operator P is defined by
is also well defined for every t ∈ (0, T ).
We now consider the Cauchy problem
If we are given a solution u ∈ D of the Cauchy problem (5), then we obtain a solution to the generalized Lagrangian mean curvature flow. In fact, the following proposition is easily checked using Proposition 2.8 and Lemma 2.11.
Proposition 2.15. Let u ∈ D be a solution of (5) and define a one-parameter family {F (t, ·)} t∈(0,T ) of submanifolds of M by
Then {F (t, ·)} t∈(0,T ) is a one-parameter family of Lagrangian submanifolds, continuous up to t = 0, which evolves by generalized Lagrangian mean curvature flow with initial condition
From Proposition 2.15 it follows that the short time existence problem of the generalized Lagrangian mean curvature flow for a compact Lagrangian submanifold F 0 : L → M is equivalent to the short time existence of solutions to the Cauchy problem (5) . Note in particular that (5) is a fully nonlinear equation (in fact it is parabolic, as we will show below) of a scalar function only. Therefore we have "integrated" the generalized Lagrangian mean curvature flow and got rid of the system of partial differential equations in (3). Also note that if F 0 : L → M has zero Maslov class, then we can choose β 0 = 0 in Proposition 2.15.
We now outline the proof of Theorem 2.14. It suffices to show that the Cauchy problem (5) admits a solution for a short time. Studying short time existence problems for scalar nonlinear parabolic equations is very similar to the study of elliptic deformation problems. In fact, once one can show that the operator P is a smooth operator between certain Banach manifolds and that its linearization at the initial condition is an isomorphism, one can use the Inverse Function Theorem for Banach manifolds to show that for a short time there exists a solution with low regularity to the nonlinear equation. Thereafter, using standard regularity theory for parabolic equations, one can show that the solution is in fact is smooth. We will not enter the details here, but refer the reader to the author's DPhil thesis [2, §5] , where the analysis of the Cauchy problem (5) is carried out in full detail. Nevertheless we want to state the next lemma which gives a formula for the linearization of P at the initial condition and also verifies that P is in fact a nonlinear parabolic differential operator.
Lemma 2.16. The linearization of the operator
where u is a function on
,V is defined in Lemma 2.11, and the Laplace operator and ∇ are computed using the
From Lemma 2.16 we see that the linearization of P is a second order parabolic differential operator and thus, as expected, P is a nonlinear parabolic differential operator.
Linear parabolic equations on Riemannian manifolds with conical singularities
In this chapter we review some results about linear parabolic equations on Riemannian manifolds with conical singularities. We follow closely the author's paper [3] , and in fact most parts of this section are taken from [3] . As mentioned in the end of §2.6 it is essential first to understand linear parabolic equations before studying short time existence problems for their nonlinear counterparts. We think that a good understanding of the material of this section is important in order to understand the short time existence of the generalized Lagrangian mean curvature flow with conical singularities modelled on stable special Lagrangian cones. We especially recommend the reader to take note of the notion of discrete asymptotics in §3.3 and how they are involved in the study of linear parabolic equations on Riemannian manifolds with conical singularities, see Theorem 3.11 below. Let us first define the notion of Riemannian cones, Riemannian manifolds with conical singularities, and finally the notion of a radius function. We begin with the definition of Riemannian cones.
Then we say that (C, g) is the Riemannian cone over (Σ, h) with Riemannian cone metric g.
Next we define Riemannian manifolds with conical singularities. Definition 3.2. Let (M, d) be a metric space, x 1 , . . . , x n distinct points in M , and denote M ′ = M \{x 1 , . . . , x n }. Assume that M ′ has the structure of a smooth and connected m-dimensional manifold, and that we are given a Riemannian metric g on M ′ that induces the metric d on M ′ . Then we say that (M, g) is an m-dimensional Riemannian manifold with conical singularities x 1 , . . . , x n , if the following hold.
and i = 1, . . . , n. Here ∇ and | · | are computed using the Riemannian cone metric g i on Σ i × (0, R) for i = 1, . . . , n.
Additionally, if (M, d) is a compact metric space, then we say that (M, g) is a compact Riemannian manifold with conical singularities.
Finally we introduce the notion of a radius function.
) be a Riemannian manifold with conical singularities as in Definition 3.2. A radius function on M ′ is a smooth function ρ :
for some ε > 0. Here | · | is computed using the Riemannian cone metric g i on Σ i × (0, R) for i = 1, . . . , n. A radius function always exists.
If ρ is a radius function on M ′ and γ = (γ 1 , . . . , γ n ) ∈ R n , then we define a function ρ γ on M ′ as follows. On S i we set ρ γ = ρ γi for i = 1, . . . , n and ρ γ ≡ 1 otherwise. Moreover, if γ, µ ∈ R n , then we write γ ≤ µ if γ i ≤ µ i for i = 1, . . . , n, and γ < µ if γ i < µ i for i = 1, . . . , n. Finally, if γ ∈ R n and a ∈ R, then we denote γ + a = (γ 1 + a, . . . , γ n + a) ∈ R n .
Weighted Sobolev spaces
In this and the following subsection we give a crash course in weighted Sobolev spaces and the Fredholm theory of the Laplace operator, or more generally of what we call operators of Laplace type, on Riemannian manifolds with conical singularities. For more details on the material presented here the reader should consult Joyce [9] , Lockhart and McOwen [12] , the author [3] , and the references in these papers. Throughout this subsection we denote by (M, g) a compact m-dimensional Riemannian manifold with conical singularities as in Definition 3.2. We first introduce weighted
, which is the space of smooth functions on M ′ . For γ ∈ R n we define the C k γ -norm by
whenever it is finite. A different choice of radius function defines an equivalent norm. 
, respectively. Finally we define weighted Sobolev spaces. For k ∈ N, p ∈ [1, ∞), and γ ∈ R n we define the W
whenever it is finite. A different choice of radius function defines an equivalent norm. We define the weighted Sobolev space W
, the space of
n . An important tool in the study of partial differential equations is the Sobolev Embedding Theorem, which gives embeddings of Sobolev spaces into different Sobolev spaces and C k -spaces. The next theorem is a version of the Sobolev Embedding Theorem for weighted Sobolev spaces and weighted C k -spaces.
) be a compact m-dimensional Riemannian manifold with conical singularities as in Definition 3.2. Let k, l ∈ N, p, q ∈ [1, ∞), and γ, δ ∈ R n . Then the following hold.
Another important result for the study of partial differential equations is the Rellich-Kondrakov Theorem, which states under which condition the embeddings in the Sobolev Embedding Theorem are compact. The next theorem is a version of the Rellich-Kondrakov Theorem for weighted Hölder and Sobolev spaces on compact Riemannian manifolds with conical singularities. Theorem 3.5. Let (M, g) be a compact m-dimensional Riemannian manifold with conical singularities as in Definition 3.2. Let k, l ∈ N, p, q ∈ [1, ∞), and let γ, δ ∈ R n . Then the following hold.
Operators of Laplace type on compact Riemannian manifolds with conical singularities
Before we can discuss the Fredholm theory for the Laplace operator, or more general for operators of Laplace type, on compact Riemannian manifolds with conical singularities, we need to study homogeneous harmonic functions on Riemannian cones. Let (Σ, h) be a compact and connected (m − 1)-dimensional Riemannian manifold, m ≥ 1, and let (C, g) be the Riemannian cone over (Σ, h) as in Definition 3.1. A function u : C ′ → R is said to be homogeneous of order α, if there exists a function ϕ : Σ → R, such that u(σ, r) = r α ϕ(σ) for (σ, r) ∈ C ′ . A straightforward computation shows that the Laplace operator on C ′ is given by ∆ g u = ∂ 2 r u + (m − 1)r −1 ∂ r u + r −2 ∆ h u, and the following lemma is easily verified.
Then D Σ is a discrete subset of R with no other accumulation points than ±∞. Moreover D Σ ∩ (2 − m, 0) = ∅, since ∆ h is non-positive, and finally from Lemma 3.6 it follows that D Σ is the set of all α ∈ R for which there exists a nonzero homogeneous harmonic function of order α on C ′ . Define a function
Then m Σ (α) is the multiplicity of the eigenvalue
Then M Σ is a monotone increasing function that is discontinuous exactly on
. The set D Σ and the function M Σ play an important rôle in the Fredholm theory for operators of Laplace type on compact Riemannian manifolds with conical singularities, see Theorem 3.8 below.
We now begin our review of the Fredholm theory for operators of Laplace type on compact Riemannian manifolds with conical singularities. From now on (M, g) will denote a compact m-dimensional Riemannian manifold with conical singularities as in Definition 3.2, and ρ will be a radius function on M ′ . Operators of Laplace type are simply second order differential operators that are in leading order the Laplace operator. Before we give a precise definition of these operators let us have a closer look at what it means that a differential operator is the Laplace operator to leading order. For that consider the differential operator D defined by Du = ∆ g u + g(X, ∇u) + b · u, where X is a vector field on M ′ and b, u are functions on M ′ . Let us assume that for some δ ∈ R n we have
Therefore, in general, the term ∆ g u dominates the lower order term g(X, ∇u) + b · u near the singularity if and only if δ > 0. 
Let D be a differential operator of Laplace type as in (6) and define a first order differential operator K by Ku = g(X, ∇u) + b · u. Then it easily follows from the Rellich-Kondrakov Theorem for weighted Sobolev spaces, Theorem
, and γ ∈ R n . Therefore operators of Laplace type, when mapping between weighted Sobolev spaces, differ from the Laplace operator only by a compact perturbation term. In particular it follows that the Laplace operator and operators of Laplace type essentially have the same Fredholm theory.
The next theorem is the main Fredholm theorem for operators of Laplace type on compact Riemannian manifolds with conical singularities, which can be easily deduced from the corresponding results for the Laplace operator discussed in [3] for instance.
Theorem 3.8. Let (M, g) be a compact m-dimensional Riemannian manifold with conical singularities as in Definition 3.2, m ≥ 3, and γ ∈ R n and D an operator of Laplace type. Let k ∈ N with k ≥ 2 and p ∈ (1, ∞). Then
is a Fredholm operator if and only if
For our later study of linear parabolic equations on compact Riemannian manifolds with conical singularities we need to introduce some more notation. Denote by (Σ, h) as above a compact and connected (m − 1)-dimensional Riemannian manifold, m ≥ 1, and let (C, g) the Riemannian cone over (Σ, h). Then we define
. Moreover, if β ∈ E Σ , then n Σ (β) counts the multiplicity of the eigenvalues
The set E Σ and the function N Σ play a similar rôle in the study of the heat equation on compact Riemannian manifolds with conical singularities as D Σ and M Σ do in the study of the Laplace operator, see Theorem 3.11 below.
Discrete asymptotics for operators of Laplace type
In this subsection we will introduce the notion of discrete asymptotics. It turns out that discrete asymptotics, as we will later see, are the reason why the conical singularities in the generalized Lagrangian mean curvature flow move around in the ambient space. From an analytical point of view discrete asymptotics are important because they enter into the study of the inhomogeneous heat equation on compact Riemannian manifolds with conical singularities. In fact it turns out to be necessary to introduce weighted Sobolev spaces with discrete asymptotics in order to prove maximal regularity of solutions to the inhomogeneous heat equation, see §3.4 below. We begin with the construction of the model space for the discrete asymptotics. Let (Σ, h) be a compact and connected (m − 1)-dimensional Riemannian manifold, m ≥ 1, and let (C, g) be the Riemannian cone over (Σ, h). For γ ∈ R we denote
which is the space of homogeneous harmonic functions of order α with 0 ≤ α < γ.
is at least one dimensional for γ > 0. We define a finite dimensional vector space V Pγ (C ′ ) by
Note that the Laplace operator on
The space V Pγ (C ′ ) serves as the model space in the definition of discrete asymptotics on general Riemannian manifolds with conical singularities.
The definition of discrete asymptotics on compact Riemannian manifolds with conical singularities is based on the following proposition, which can be found in [2, Prop. 6.14].
Proposition 3.9. Let (M, g) be a compact m-dimensional Riemannian manifold with conical singularities as in Definition 3.2, m ≥ 3, D an operator of Laplace type, and γ ∈ R n . Then for every ε > 0 there exists a linear map
such that the following hold.
. . , n we have that
Using Proposition 3.9 we can now define weighted C k -spaces and Sobolev spaces with discrete asymptotics on compact Riemannian manifolds with conical singularities as follows. If (M, g) is a compact m-dimensional Riemannian manifold with conical singularities, m ≥ 3, then for k ∈ N, p ∈ [1, ∞), and γ ∈ R n we define
are both Banach spaces, where the norm on the discrete asymptotics part is some finite dimensional norm. Note that the discrete asymptotics are trivial if γ ≤ 0, so that in this case the weighted spaces with discrete asymptotics are simply weighted spaces.
Using Theorem 3.
where N Σ is defined in (8) , and equation (9) one can now prove the following result. Proposition 3.10. Let (M, g) be a compact m-dimensional Riemannian manifold with conical singularities as in Definition 3.2, m ≥ 3, and D an operator of Laplace type. Let k ∈ N with k ≥ 2, p ∈ (1, ∞), and γ ∈ R n with γ > 2 − m and γ i / ∈ E Σi for i = 1, . . . , n. Then
is a Fredholm operator with index zero. In particular, if b ≡ 0 and γ > 0, then
is an isomorphism.
Weighted parabolic Sobolev spaces and linear parabolic equations of Laplace type
We now consider the following Cauchy problem
where
) is a compact Riemannian manifold with conical singularities, T > 0, and D is an operator of Laplace type.
In order to state the main result about the existence and regularity of solutions to (10) correctly we first need to introduce weighted parabolic Sobolev spaces with discrete asymptotics.
We begin with the definition of Sobolev spaces of maps u : I → X, where I ⊂ R is an open and bounded interval and X is a Banach space. Let k ∈ N and p ∈ [1, ∞). For a k-times weakly differentiable map u : I → X we define the W k,p -norm by
whenever it is finite. We denote by W k,p loc (I; X) the space of k-times weakly differentiable maps u : I → X with locally finite W k,p -norm, and we define
loc (I; X) and W 0,p (I; X), respectively. We can now define weighted parabolic Sobolev spaces as follows. Let k, l ∈ N with 2k ≤ l, p ∈ [1, ∞), and γ ∈ R n . The weighted parabolic Sobolev space 
In order to understand these rather complicated looking spaces let us consider the special case where k = 1, l = 2, and γ > 2 and let us see how a function u ∈ W Loosely speaking the function u is of the following form u(t, ·) = O(ρ γ ) + discrete asymptotics of rate < γ for each t ∈ I. When we apply the operator D to the function u then, from the definition of the space W
. So by differentiating u in the spatial direction using L we lose two spatial derivatives, and therefore two rates of decay, and one time derivative. For parabolic Sobolev spaces it is natural that two spatial derivatives compare to one time derivative, so when we take two spatial derivatives we also lose one time derivative. This, first of all, explains why Du ∈ W 0,0,p
when studying the Cauchy problem (10), Du should have the same regularity as ∂ t u, and, as we can see from the definition of W
. Thus when we take one time derivative of u, then we lose two spatial derivatives (as usual for parabolic equations), and therefore we also lose two rates of decay. Therefore, loosely speaking, we have that
for t ∈ I. In particular we expect that if the function f that we are given in the Cauchy problem (10) 
The following theorem is the main result about the existence and regularity of solutions to (10) 
solving the Cauchy problem (10).
The proof of Theorem 3.11 can be found in [3, Thm. 4.8] for the case D = ∆ g . We shortly explain why Theorem 3.11 continues to hold for general operators of Laplace type. The proof of Theorem 3.11 consists of three steps. The first step is to construct a fundamental solution, i.e. a function
This was done by Mooers in [14] for the case D = ∆ g . Let H 0 be the solution to (11) in the case where D = ∆ g , i.e. H 0 is the heat kernel. Let D be a differential operator of Laplace type. Since ∆ g is the leading order term of D, H 0 is already a good approximation for a solution of (11) . Therefore H 0 satisfies
where the error term
is in some sense a lower order term. Now one can follow the construction given by Mooers and construct a function
which solves away the error term R 0 . Then by defining H = H 0 + H 1 , one obtains a solution to (11) and the leading order term of H is H 0 . The second step in the proof of Theorem 3.11 is to show that the fundamental solution H satisfies certain estimates. In fact, these estimates are an immediate consequence of the way the fundamental solution is constructed. The third step is now completely analogous to the special case of the heat equation. Once the correct estimates for the fundamental solution are known, one can write down the solution of the Cauchy problem (10) explicitly as a convolution integral of H with f and then study the regularity of this convolution integral as in [3, Thm. 4.8].
Lagrangian submanifolds with isolated conical singularities 4.1 Special Lagrangian cones
In this subsection we define special Lagrangian cones in C m and introduce the notion of stable special Lagrangian cones. More about special Lagrangian cones can be found in Joyce [8, §8] and in Ohnita [17] .
We begin with the definition of special Lagrangian cones in C m . Let C be a special Lagrangian cone in C m . In §3.3 we discussed homogeneous harmonic functions on Riemannian cones. On a special Lagrangian cone there is a special class of homogeneous harmonic functions, namely those induced by the moment maps of the automorphism group of ( 
Moreover, since a ij = −ā ji for i, j = 1, . . . , n, we see that µ X is a real quadratic polynomial. We call µ X a moment map for X. For X = (A, v, c) ∈ u(m)⊕C m ⊕R we define µ X : C m → R by requiring that dµ X = X ω ′ and µ X (0) = c.
A proof of the following proposition is given in Joyce [10, Prop. 3.5].
Proposition 4.2. Let C be a special Lagrangian cone in C m as in Definition 4.1 and let G be the maximal Lie subgroup of SU (m) that preserves C. Then the following hold.
(i) Let X ∈ su(m). Then ι * (µ X ) is a homogeneous harmonic function of order two on C ′ . Consequently the space of homogeneous harmonic functions of order two on C ′ is at least of dimension m
is a homogeneous harmonic function of order one on C ′ . Consequently the space of homogeneous harmonic functions of order one on C ′ is at least of dimension 2m.
Also note that if C is a special Lagrangian cone in C m and X ∈ u(1), then ι * (µ X ) = cr 2 for some c ∈ R. Using Proposition 4.2 we can define the stability index of a special Lagrangian cone in C m and the notion of stable special Lagrangian cones as introduced by Joyce in [10, Def. 3.6]. 
where M Σ is defined as in §3.3. From Proposition 4.2 it follows that the stability index of a special Lagrangian cone is a non-negative integer. We say that a special Lagrangian cone C in C m is stable if s-index(C) = 0.
Note that if C is a stable special Lagrangian cone as in Definition 4.1, then the only homogeneous harmonic functions on C ′ with rate α, where 0 ≤ α ≤ 2, are those induced by the SU (m) ⋉ C m -moment maps. In particular, when γ > 2 is sufficiently small, then V Pγ (C ′ ) is spanned by the SU (m) ⋉ C m -moment maps and the functions r 2 and 1. Examples of special Lagrangian cones can be found in Joyce [8, §8.3.2] . Examples of stable special Lagrangian cones, however, are hard to find and there are only a few examples known. The simplest example of a stable special Lagrangian cone is the Riemannian cone in C 3 over T 2 with its standard metric. In this case C is given by
together with the Riemannian metric induced by the Euclidean metric on C 3 . Some other examples of stable special Lagrangian cones can be found in Ohnita [17] .
Lagrangian submanifolds with isolated conical singularities
In this subsection we define Lagrangian submanifolds with isolated conical singularities in almost Calabi-Yau manifolds. Before we define Lagrangian submanifolds with isolated conical singularities, we have to introduce the notion of manifolds with ends. Assume that we are given a compact m-dimensional submanifold K ⊂ L with boundary, such that L\K has a finite number of pairwise disjoint, open, and connected components S 1 , . . . , S n . Then L is a manifold with ends S 1 , . . . , S n if the following holds. There exist compact and connected (m − 1)-dimensional manifolds Σ 1 , . . . , Σ n , a constant R > 0, and diffeomorphisms φ i : Σ i ×(0, R) → S i for i = 1, . . . , n. We say that S 1 , . . . , S n are the ends of L and that Σ i is the link of S i . Note that the boundary of K is diffeomorphic to
Next we define Lagrangian submanifolds with isolated conical singularities following Joyce [9, Def. 3.6]. 
. . , n, and there should exist ν ∈ R n with 2 < ν < 3, such that
Here ∇ and | · | are computed using the Riemannian cone metric ι *
with isolated conical singularities modelled on special Lagrangian cones C 1 , . . . , C n is said to have stable conical singularities, if C 1 , . . . , C n are stable special Lagrangian cones in C m .
We have chosen 2 < ν < 3 in Definition 4.5 for the following reason. We need ν i > 2 or otherwise (12) does not force the submanifold F : L → M to approach the cone A i (C i ) in T xi M near x i for i = 1, . . . , n. Moreover ν i < 3 guarantees that the definition is independent of the choice of Υ i . Indeed, if we are given a different embeddingΥ i :
2 ) on B R by Taylor's Theorem. Therefore, since ν i < 3, it follows that (12) holds with Υ i replaced byΥ i .
If F : L → M is a Lagrangian submanifold with isolated conical singularities as in Definition 4.5, then (12) implies that L ⊔ {x 1 , . . . , x n } together with the Riemannian metric F * (g) is a Riemannian manifold with conical singularities x 1 , . . . , x n in the sense of Definition 3.2.
Let F : L → M be a Lagrangian submanifold with isolated conical singularities x 1 , . . . , x n modelled on stable special Lagrangian cones C 1 , . . . , C n , and let D be an operator of Laplace type on L (with respect to the induced Riemannian metric F * (g)). We now want to study how solutions of the Cauchy problem (10) on L look like. Let k ∈ N with k ≥ 2, p ∈ (1, ∞), γ ∈ R n with γ > 2 and (2, 
Lagrangian neighbourhood theorems
In this section we discuss various Lagrangian neighbourhood theorems for Lagrangian submanifolds with isolated conical singularities. Our discussion more or less follows Joyce [9, §4] .
We begin with a Lagrangian neighbourhood theorem for special Lagrangian cones in C m .
Theorem 4.7. Let ι : C → C m be a special Lagrangian cone as in Definition 4.1. For σ ∈ Σ, τ ∈ T * σ Σ, and ̺ ∈ R we denote by (σ, r, τ, ̺) the point τ + ̺dr in T * (σ,r) (Σ × (0, ∞)). For some sufficiently small ζ > 0 define an open neighbourhood U C of the zero section in T * (Σ × (0, ∞)) by
Then there exists a Lagrangian neighbourhood
Note that if ι : C → C m is a special Lagrangian cone and (
m is a special Lagrangian cone that is obtained by rotating ι : C → C m using A and translating it using v. In particular, when Φ C :
m is a Lagrangian neighbourhood forι : C → C m . Next we discuss a Lagrangian neighbourhood theorem for Lagrangian submanifolds with isolated conical singularities. Let us first assume that F : L → C m is a Lagrangian submanifold with isolated conical singularities in C m as in Definition 4.5, and assume additionally that near each conical singularity F : L → C m is an exact cone, i.e. F (x) = ι i (σ, r) for x = φ i (σ, r) ∈ S i and i = 1, . . . , n. Then one can construct a Lagrangian neighbourhood for F : L → C m simply by using the Lagrangian neighbourhoods given by Theorem 4.7 near the conical singularities and a Lagrangian neighbourhood as given by Theorem 2.5 away from the conical singularities and glueing them appropriately together in a region away from the conical singularities. We thus have the following theorem.
m be a Lagrangian submanifold with isolated conical singularities x 1 , . . . , x n and cones C 1 , . . . , C n as in Definition 4.5, and assume that F (x) = ι i (σ, r) for x = φ i (σ, r) ∈ S i and i = 1, . . . , n, i.e. F : L → C m is an exact cone near each singularity. Let Φ Ci : U Ci → C m be a Lagrangian neighbourhood for ι i :
Now let us discuss the general case, when F : L → M is a Lagrangian submanifold in an almost Calabi-Yau manifold with conical singularities as in Definition 4.5. Near each conical singularity x i we are given Darboux coordinates Υ i : B R → M with Υ i (x i ) = 0 from Definition 4.5. Then Υ
m has a conical singularity at the origin that is modelled on the special Lagrangian cone ι i :
, it follows that the image of Υ −1 i • F : S i → B R will lie, at least near the conical singularity, in the set Φ Ci (U Ci ) and that we can write Υ
Following the same ideas as in the discussion prior to Theorem 4.8 we then obtain the following Lagrangian neighbourhood theorem. 
. . , n, where a i = φ * i (a) for i = 1, . . . , n. So far we have only discussed Lagrangian neighbourhoods for a single Lagrangian submanifold with isolated conical singularities, but for later purposes we need to extend Theorem 4.9 to families of Lagrangian submanifolds with conical singularities. In order to do this we will follow the same ideas as in Joyce [10, §5.1]. Again we fix a Lagrangian submanifold F : L → M with conical singularities x 1 , . . . , x n , model cones C 1 , . . . , C n , and isomorphisms A i : C m → T xi M for i = 1, . . . , n as in Definition 4.5. We define a fibre bundle A over M by
. This action of U (m) is free and transitive on the fibres of A and thus A is a principal U (m)-bundle over M with dim A = m 2 + 2m. Let G i be the maximal Lie subgroup of SU (m) that preserves C i for i = 1, . . . , n. If (x i , A i ) and (x i ,Â i ) lie in the same G i -orbit, then they define equivalent choices for (x i , A i ) in Definition 4.5. To avoid this let E i be a small open ball of dimension dim A − dim G i containing (x i , A i ), which is transverse to the orbits of G i for i = 1, . . . , n. x 1 , A 1 , . . . , x n , A n ), and we equip E with the Riemannian metric induced by the Riemannian metric on M . Then E parametrizes all nearby alternative choices for (x i , A i ) in Definition 4.5. Note that dim E i = m 2 +2m−dim G i for i = 1, . . . , n and dim E = n(m 2 + 2m) − n i=1 dim G i . In the next lemma we prove the existence of a specific family of symplectomorphisms of M that is parametrized by e ∈ E and which will allow us to construct a family of Lagrangian neighbourhoods for Lagrangian submanifolds with isolated conical singularities that are close to F : L → M . 
. . , n and e ∈ E with e = (x 1 ,Â 1 , . . . ,x n ,Â n ).
Proof. It is useful to understand the proof of Lemma 4.10 as it explains how Lagrangian submanifolds with isolated conical singularities can be deformed.
In order to prove Lemma 4.10 we first construct families {Ψ Let e = (x 1 ,Â 1 , . . . ,x n ,Â n ) ∈ E. By making E smaller if necessary we can assume thatx i ∈ Υ i (B R/4 ) for i = 1, . . . , n. Denote
Here Sp(2m) is the automorphism group of (R 2m , ω ′ ). Using standard techniques from symplectic geometry we can now define families {Ψ e i } e∈E of diffeomorphisms Ψ e i : B R → B R for i = 1, . . . , n, which depend smoothly on e ∈ E, such that (a), (b), and (c) hold, and such that Ψ e i = (B i , y i ) on B R/4 for i = 1, . . . , n. But then by definition of (B i , y i ) we see that (d) holds for i = 1, . . . , n. Now we define Ψ
. This is clearly possible, since
M → M is a family of smooth diffeomorphisms of M , which depends smoothly on e ∈ E and satisfies (i) − (iv).
Using Lemma 4.10 we can now state a Lagrangian neighbourhood theorem which gives us a family of Lagrangian neighbourhoods for Lagrangian submanifolds with isolated conical singularities that are close to F : L → M . * (ω) = ω ′ , and for every e ∈ E with e = (x 1 ,Â 1 , . . . ,x n ,Â n )
we have that Υ e i (0) =x i , and dΥ
* (ω) =ω, and for every e ∈ E we have that
for every e ∈ E and i = 1, . . . , n. Finally for e ∈ E with e = (
is a Lagrangian submanifold with isolated conical singularitiesx 1 , . . . ,x n ∈ M modelled on the special Lagrangian cones C 1 , . . . , C n with isomorphismsÂ i :
. . , n as in Definition 4.5.
We need a slightly extended version of Theorem 4.11. Recall that every element in u(m)⊕C m ⊕R gives rise to a unique moment map as explained in §4.1. What we have done until now is to use the U (m)⋉C m -moment maps to construct a family of Lagrangian neighbourhoods for the Lagrangian submanifolds with conical singularities that are close to F : L → M . So what we have not taken into account so far is the R-part of the moment maps. In order to do this let us choose functions q 1 , . . . , q n ∈ C ∞ (L) with q i ≡ 1 on S ′ i and q i ≡ 0 on M \S i for i = 1, . . . , n, where
and we define a family {Φ c 1 , . . . , e n , c n ) and e = (e 1 , . . . , e n ) ∈ E. We denote f 0 = (e 1 , 0, . . . , e n , 0), where e 0 = (e 1 , . . . , e n ). Then Φ From now on we fix an almost Calabi-Yau manifold (M, J, ω, Ω), we define ψ ∈ C ∞ (M ′ ) as in (1), and we fix a Lagrangian submanifold F 0 : L → M with isolated conical singularities x 1 , . . . , x n and model cones C 1 , . . . , C n as in Definition 4.5. Later on we will also assume that the special Lagrangian cones C 1 , . . . , C n are stable. Moreover we define the manifold F as in §4.3 and we choose a family of Lagrangian neighbourhoods {Φ f L } f ∈F as given by Theorem 4.11 and the discussion following that theorem. Then
The main difference between the setup of the short time existence problem for the generalized Lagrangian mean curvature flow of F 0 : L → M to the one we chose in §2.6 for a compact Lagrangian submanifold is that we have to take into account that the parameter f ∈ F will change during the flow. In particular, when we try to find an integrated form for the generalized Lagrangian mean curvature flow, we expect to find an equation that not only involves the potential function u, which is a function on L with a reasonable decay rate near each singularities, as in §2.6 but that also involves the parameter f ∈ F , which describes the motion of the conical singularities.
In order to find the integrated form for the generalized Lagrangian mean curvature flow of F 0 : L → M , we first need to study the deformation vector field of the family {Φ Proposition 5.1. Let µ ∈ R n with µ > 2, f ∈ F , and v ∈ f * (T F ). Then there exists a smooth vector field X f (v) on M that depends linearly on v and
, and Ξ (u,f ) (v) is asymptotic to a moment map in the following sense.
Let
Then the following holds.
Using Proposition 5.1 we are now ready to integrate the generalized Lagrangian mean curvature flow for F 0 : L → M . By Proposition 4.6 we can choose a closed one-form β 0 that represents the Maslov class of F 0 : L → M and that is supported on K. Then, in particular, β 0 is zero near each conical singularity. Let T > 0 be small and define a one-parameter family {β(t)} t∈(0,T ) of closed one-forms by β(t) = tβ 0 for t ∈ (0, T ). Then {β(t)} t∈(0,T ) extends continuously to t = 0 with β(0) = 0. Finally we choose Θ as in §2.6 and then we define an operator P as follows. The domain of the operator P is given by
and we define P :
and we show that this is in fact an integrated version of the generalized Lagrangian mean curvature flow of F 0 : L → M . Proposition 5.2. Let (u, f ) ∈ D be a solution of the Cauchy problem (13) and define
Then {F (t, ·)} t∈(0,T ) is a one-parameter family of Lagrangian submanifolds with isolated conical singularities that evolves by generalized Lagrangian mean curvature flow with initial condition
Proof. It is clear that F (0, x) = F 0 (x) for x ∈ L. In order to show that {F (t, ·)} t∈(0,T ) evolves by generalized Lagrangian mean curvature flow it suffices to show that α ∂F ∂t = α K . Let us assume for simplicity that ψ ≡ 0, i.e. M is Calabi-Yau, and that F 0 : L → M has zero Maslov class. Then β ≡ 0 and Θ = θ. Using Lemma 2.11 we find that
Using that P (u, f ) = 0, the Lagrangian property, and the definition of α from (2) it follows that
Now recalling the definition of Ξ (u,f ) ( As in the short time existence problem for the generalized Lagrangian mean curvature flow when the initial Lagrangian submanifold is compact, we are now left with studying existence and regularity of solutions to the Cauchy problem (13) . In the next sections we will discuss how short time existence of solutions with low regularity to the Cauchy problem (13) is proved and we will also discuss the regularity of these solutions in spatial and time direction.
Smoothness of the operator P as a map between Banach manifolds
In this section we show how the operator P :
can be extended to a smooth operator between certain Banach manifolds. Once this has been done we can use linearization techniques to prove short time existence of solution with low regularity to the Cauchy problem (13) . From now on we will assume for simplicity that M is Calabi-Yau and that F 0 : L → M has zero Maslov class. Then ψ ≡ 0, β ≡ 0, and Θ ≡ θ.
We first extend the domain of the operator P . The manifold F embeds into R s for some sufficiently large s ∈ N. Let p ∈ (1, ∞) and f ∈ W 1,p ((0, T ); R s ). Then f : (0, T ) → F is continuous by the Sobolev Embedding Theorem and the condition f (t) ∈ F makes sense for every t ∈ (0, T ). We define the Banach manifold W 1,p ((0, T ); F ) by
• du(t, ·)) is well defined for almost every t ∈ (0, T ) and therefore P acts on D k,p µ . In order to define the target space for P acting on D k,p µ we define for k ∈ N, p ∈ (1, ∞), and γ ∈ R n with γ > 0 a weighted parabolic Sobolev space W k,p γ,Q (L) with discrete asymptotics by
where the functions q 1 , . . . , q n are defined as in the end of §4.3. Further we define the weighted parabolic Sobolev space W
and we then have the following result.
Proposition 5.3. Let µ ∈ R n with 2 < µ < ν. Then, for k ∈ N and p ∈ (1, ∞) sufficiently large, the operator
is a smooth operator between Banach manifolds.
The proof of Proposition 5.3 is more or less straightforward but rather long and technically complicated. The main step in the proof is to show that the operator P in (14) is well defined, and the difficult part is here to show that the θ-term lies in the correct space. In fact, it is not hard to see that
and sufficiently large k ∈ N and p ∈ (1, ∞). Thus it only remains to show that
Let us define a function F that maps
Then F is a smooth and nonlinear function on its domain, since Ω, g, and Φ f L are smooth and Φ f L depends smoothly on f ∈ F . Furthermore we define a function Q on the domain of F by
Since F is smooth, Q is also a smooth and nonlinear function on its domain. The main step in the proof of (15) is to show the following lemma, which can be found either in Joyce [10, Prop. 6.3] or in the author's thesis [2, Lem. 9.8].
Moreover, for a, b, c ≥ 0 and small ρ −1 (x)|y|, |z|, and d(f, f 0 ) the function Q satisfies
Moreover the function F (f 0 , ·, 0, 0) on L admits an expansion of the form
for i = 1, . . . , n. Here θ i is the Lagrangian angle of the special Lagrangian cone C i and, for a, b, c ≥ 0 and small r −1 |y| and |z|, the error term R i satisfies
Now, in order to show that (15) (15) holds. This shows that P in (14) is well defined and then, using the smoothness of the function Q and the Mean Value Theorem [11, XIII, §4] , it is straightforward to show that the operator P in (14) is in fact smooth. The detailed proof of Proposition 5.3 can be found in the author's thesis [2, §9.3].
Short time existence of the flow with low regularity
Before we show how to prove short time existence of solutions with low regularity to the Cauchy problem (13), we need to discuss the operator P and its linearization in more detail.
is a finite dimensional vector bundle over (0, T ) with fibres of dimension dim F . Also note that if u is smooth, then each fibre of V P (u,f ) (L) consists of smooth functions on L. Since Ξ (u,f ) (v) is asymptotic to a moment map for each v ∈ f * (T F ) by Proposition 5.1, it follows that for every 
(L) is simply a weighted Sobolev space with discrete asymptotics, and the discrete asymptotics are defined using the map Ξ (u,f ) :
with discrete asymptotics in the usual way by
Now consider the linearization of the operator (14) at some
Using Ξ (u,f ) to identify f * (T F ) with V P (u,f ) (L), we can understand the linearization of (14) at (u, f ) as a linear operator dP (u, f ) :
In the next proposition we obtain an explicit formula for the linearization of (14) at the initial condition (0, f 0 ), but first we need to introduce some more notation.
and then the following result holds.
Here the Laplace operator and ∇ are computed using the Riemannian metric F * 0 (g) on L. The proof of Proposition 5.5 consists of a rather long computation and can be found in [2, Prop. 9.10].
We defineD
µ , then u and f extend continuously to t = 0, since u and f are uniformly Hölder continuous on (0, T ) by the Sobolev Embedding Theorem. Moreover observe that (u, f ) ∈ D k,p µ is a solution of the Cauchy problem (13) if and only if (u, f ) ∈D k,p µ and P (u, f ) = 0. We definẽ
In the next proposition we show that the linearization of the operator (14) at the initial condition (0, f 0 ) is an isomorphism provided that the conical singularities are modelled on stable special Lagrangian cones. Proposition 5.6. Assume that the model cones C 1 , . . . , C n of F 0 : L → M are stable special Lagrangian cones in the sense of Definition 4.3. Then, for T > 0 sufficiently small, the linear operator
is an isomorphism of Banach spaces.
Proof. We only give a sketch of proof. Let us define an operator
by
Observe that (19) and that each of the terms on the right side of (19) 
. Thus it follows that the operator H in (18) is well defined. Let us also define
Then one can show that D is an operator of Laplace type as defined in §3.2 and we can define weighted Sobolev spaces with discrete asymptotics as in §3. 3 .
Now comes the key point about the stability of the special Lagrangian cones C 1 , . . . , C n . Using the stability of C 1 , . . . , C n and Theorem 3.10 we find that
and henceW
where the weighted parabolic Sobolev spaces with discrete asymptotics are defined as in §3.4. In particular it follows that H in (18) is a map
and Theorem 3.11 and the Open Mapping Theorem [11, XV, Thm. 1.3] imply that (20) is an isomorphism of Banach spaces.
Using interpolation estimates for weighted parabolic Sobolev spaces one can show that the operator dP (0, f 0 ) − H is a bounded operator
and, using the Rellich-Kondrakov Theorem for weighted spaces and the AubinDubinskiȋ Lemma as in [2, Prop. 7.1], one can further show that dP (0, f 0 ) − H is a compact operatorW
Since (18) is an isomorphism, it is a Fredholm operator with index zero. Using a standard perturbation argument and the Fredholm alternative it then follows that for T > 0 sufficiently small (17) is an isomorphism.
We are now ready to prove short time existence of solutions with low regularity to the Cauchy problem (13).
Proposition 5.7. Let µ ∈ R n with 2 < µ < ν and (2, µ i ] ∩ E Σi = ∅ for i = 1, . . . , n and assume as in Proposition 5.6 that C 1 , . . . , C n are stable special Lagrangian cones. Then there exists τ > 0 and (u, f ) ∈D k,p µ , such that P (u, f ) = 0 on the time interval (0, τ ).
Proof. By Proposition 5.6,
is an isomorphism of Banach spaces. Since P :D 
by making τ > 0 small. Thus for τ > 0 sufficiently small we have w τ ∈ W and there exists (u, f ) ∈ V with P (u, f ) = w τ . But then P (u, f ) = 0 on (0, τ ) as we wanted to show.
Spatial regularity theory of the flow
In this section we discuss the spatial regularity of solutions to P (u, f ) = 0. Detailed proofs of the results can be found in [2, §9.6] .
We begin with the study of the spatial regularity of the function u.
The proof of Lemma 5.8 is more or less standard and not very exciting, so we skip it.
In the next lemma the decay rates of the higher derivatives of the function u + a are studied, where a ∈ C ∞ ν (L) is given by Theorem 4.9.
The proof of Lemma 5.9 is also not very exciting and merely uses some more or less standard techniques for linear parabolic equations on manifolds with conical singularities and Lemma 5.8. Therefore we skip the proof of Lemma 5.9 as well.
In the next lemma we show that the rate of decay of the function u becomes better for positive time t > 0.
µ be a solution of the Cauchy problem (13) . Then u + a ∈ W 1,2,p γ (I × L) for every I ⊂⊂ (0, T ) and γ ∈ R n with 2 < γ < 3 and (2, γ i ] ∩ E Σi = ∅ for i = 1, . . . , n.
Proof. Finally we have a lemma which is more interesting, so we will discuss the proof in some detail. The proof uses some more advanced techniques from functional analysis which can be found in Davies [5] .
and i = 1, . . . , n, where the Laplace operator is taken with respect to the Riemannian cone metric g i = ι * i (g ′ ) on Σ i × (0, R) and h i : (0, T ) × Σ i × (0, R) → R is a function that is defined using the error terms Q and R i from Lemma 5. for every I ⊂⊂ (0, T ). In particular, if (2, 2µ i − 2] ∩ E Σi = ∅ for i = 1, . . . , n, then it follows that v ∈ W 1,k,p 2µ−2 (I × L) for every I ⊂⊂ (0, T ). In particular, since µ > 2, we have that 2µ − 2 > µ and thus we have improved the decay rate of the function v. Iterating this procedure we then find that v ∈ W 1,k,p γ (I × L) for every I ⊂⊂ (0, T ) and every γ ∈ R n with 2 < γ < 3 and (2, γ i ] ∩ E Σi = ∅ for i = 1, . . . , n.
This completes our study of the spatial regularity of solutions to P (u, f ) = 0. We summarize the previous three lemmas and some obvious conclusions in the following proposition.
Proposition 5.11. Let (u, f ) ∈ D k,p µ be a solution of the Cauchy problem (13) . Then f defines W 1,p -one-parameter families {x i (t)} t∈(0,T ) of points in M for i = 1, . . . , n and of isomorphisms {A i (t)} t∈(0,T ) for i = 1, . . . , n with A i (t) ∈ A xi(t) for i = 1, . . . , n. Finally define a one-parameter family {F (t, ·)} t∈(0,T ) of Lagrangian submanifolds as in Proposition 5.2. Then {F (t, ·)} t∈(0,T ) is a W 1,pone-parameter family of smooth Lagrangian submanifolds with isolated conical singularities modelled on C 1 , . . . , C n . For t ∈ (0, T ) the Lagrangian submanifold F (t, ·) : L → M has conical singularities x 1 (t), . . . , x n (t) and isomorphisms A i (t) ∈ A xi(t) for i = 1, . . . , n as in Definition 4.5. Moreover for every t ∈ (0, T ), F (t, ·) : L → M satisfies (12) for every γ ∈ R with 2 < γ < 3 and (2, γ i ] ∩ E Σi = ∅ for i = 1, . . . , n.
What about the time regularity of the flow?
At least the author has no clue how the regularity of u and f in time direction can be improved. Why is there a problem with the time regularity of solutions to P (u, f ) = 0, when u ∈ W 1,k,p µ ((0, T ) × L) and f ∈ W 1,p ((0, T ); F )? The author is aware of two methods how time regularity for solutions of parabolic equations can be improved, but neither method seems to work in our case.
The first method would be to differentiate the equation P (u, f ) = 0 with respect to t and then to use standard regularity theory for linear equations to show that u and f have one more time derivative than apriori known. Let us see what happens when we differentiate the equation P (u, f ) = 0 with respect to t. By differentiating with respect to t we find that
where the force term R is some smooth function on its domain. The only important fact about the R-term is that it only depend on the first time derivatives of u and f . In particular the R-term is L p in time. Using standard regularity theory for linear parabolic equations it follows that the function ∂ t u − Ξ (u,f ) ( The second method to improve time regularity of solutions to parabolic equations is to write the nonlinear parabolic equation as the heat equation plus a nonlinear perturbation term and then again to use regularity theory for linear parabolic equations to improve the regularity. So, more or less, we would like to write P (u, f ) = 0 in the following form ∂ ∂t (u + v) = ∆(u + v) + R(du, ∇du, dv, ∇dv),
where v is the discrete asymptotics part and R is some smooth function on its domain. Notice in particular that the R-term is W 1,p in time, since it does not involve any time derivatives of u or the discrete asymptotics part v. If we were able to write P (u, f ) = 0 in this form, then we one could use the heat kernel to write down explicit formulae for u and v. In fact, if H is the heat kernel on L, then H admits a decomposition H = H γ + H P ∆ γ , and then u is given by u(t, x) = Therefore, if we try to pull out the time derivative in Ξ (u,f ) ( df dt ) and try to write this term in the form "time derivative of the discrete asymptotics part," then we get new terms that involve the time derivatives of u and f because we have to differentiate the time dependent bundle map Ξ (u,f ) and this messes everything up.
If you, dear reader, have any ideas how the time regularity could be improved, or even if you merely survived in reading the paper up to this point, then you deserve the warmest congratulations and, if you have any remarks or comments, you are encouraged to send these to the author by email (The authors email address can be found at the end of this document).
The main result
We are done! Combining Propositions 5.2, 5.7, and 5.11 we conclude our main theorem about the short time existence of the generalized Lagrangian mean curvature flow, when the initial Lagrangian submanifold has isolated conical singularities modelled on stable special Lagrangian cones.
Theorem 5.12. Let (M, J, ω, Ω) be an m-dimensional almost Calabi-Yau manifold, m ≥ 3, C 1 , . . . , C n stable special Lagrangian cones in C m , and F 0 : L → M a Lagrangian submanifold with isolated conical singularities at x 1 , . . . , x n , modelled on the stable special Lagrangian cones C 1 , . . . , C n as in Definition 4.5.
Then for sufficiently large p ∈ (1, ∞) there exists T > 0, W 1,p -one-parameter families of points {x i (t)} t∈(0,T ) in M for i = 1, . . . , n, continuous up to t = 0, with x i (0) = x i for i = 1, . . . , n, and W 1,p -one-parameter families {A i (t)} t∈(0,T ) of isomorphisms A i (t) ∈ A xi(t) for i = 1, . . . , n, continuous up to t = 0, with A i (0) = A i for i = 1, . . . , n, such that the following holds.
There exists a W 1,p -one-parameter family {F (t, ·)} t∈(0,T ) of smooth Lagrangian submanifolds F (t, ·) : L → M , continuous up to t = 0, with isolated conical singularities at x 1 (t), . . . , x n (t) modelled on the special Lagrangian cones C 1 , . . . , C n and with isomorphisms A 1 (t), . . . , A n (t), A i (t) : C m → T xi(t) M for i = 1, . . . , n as in Definition 4.5, which evolves by generalized Lagrangian mean curvature flow with initial condition F 0 : L → M . Moreover, for every t ∈ (0, T ) the Lagrangian submanifold F (t, ·) : L → M satisfies (12) for every γ ∈ R n with γ i ∈ (2, 3) and (2, γ i ] ∩ E Σi = ∅ for i = 1, . . . , n.
